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We analyze the spatial dynamics of polarized atom vapor and present a mathematical method to eliminate
the diffusion effect partially. It is found that the diffusion effect of polarized atoms can be regarded as a
low pass filter in spatial frequency domain and fits well with a Butterworth filter. The fitted spatial filter
can be used to restore the original magnetic image before being blurred by the diffusion, thus improving the
magnetic spatial resolution. The results of spatial dynamics simulation and magnetic image restoration show
the potential usage of this method in magnetic gradiometer and atomic magnetic microscopy.
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I. INTRODUCTION
The temporal and spatial dynamics of polarized
atom vapor is described by Bloch equation1, which
is the basic model in fields such as nuclear mag-
netic resonance(NMR)2,3, atomic magnetometer4–6 and
atomic gyroscopes7,8. In these applications the temporal
dynamics of polarized atom vapor is analyzed theoret-
ically and verified experimentally. As most of the ap-
plications measure the average polarization of atoms in
the vapor cell, the spatial dynamics is usually ignored in
the modeling and analysis. In the case of gradiometer
or array measurements, the diffusion is thought as the
essential limit for the spatial resolution9–11.
Inspired by the work of D. Giel et al, who pointed out
that the space-time evolution of polarization can be ex-
panded in terms of spatial periodic functions10, we intro-
duce the spatial frequency response of the input magnetic
field, which can describe the spatial dynamics of polar-
ized atom vapor in nonuniform magnetic field. MATLAB
Simulink is used to simulate the polarized atom vapor
system. By setting the magnetic field distribution as one
dimensional (1D) sinusoidal waves with different spatial
frequency, we get the evolution of the atom polarization
in both time and space domain. The result shows that
the response decreases when spatial frequency of mag-
netic field increases, just like a low pass spatial filter,
which can be fitted well to a Butterworth filter. Assum-
ing the diffusion effect is isotropy, it can be expanded
directly to a two dimensional (2D) spatial filter. By re-
versing the 2D filter, we obtain a 2D high pass filter that
can be used to eliminate diffusion effect and restore the
original image partially.
The paper is organized as follows: After a brief in-
troduction of background and motivation in section I,
Section II describes the model and parameters calcula-
tion used in the simulation. Section III illustrates and
discusses the results of spatial dynamics simulation. Fi-
nally, conclusions are summarized in section IV.
II. MODELING AND PARAMETERS
The Bloch equation can be written with diffusion term
as following12,13:
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where
−→
P is the polarization of alkali atoms, D is the
diffusion coefficient, γ is the gyromagnetic ratio,
−→
B is the
magnetic field, Rp is the pumping rate and T1 and T2 are
the relaxation times for polarization components parallel
and transverse to
−→
B , respectively. The four terms on the
right-hand side describe diffusion, precession, pumping
and relaxation, respectively.
To simplify Eq1 and obtain the numerical result of spa-
tial dynamics, we assume the pumping beam and the
probing beam are along z axis and x axis, respectively,
and the direction of the magnetic field is along y axis.
Besides, we also suppose that atoms are fully polarized
using a high power short pulse beam. The polarization
vector precesses freely in x−z plane after the pumping
pulse. In this condition, Py, T1 and Rp can be ignored
and Eq.(1) can be simplified as below:
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where relaxation rate Rr = 1/T2 and diffusion coefficient
D can be calculated according to the experimental setup.
Considering that the atom vapor cell can be antirelax-
ation coated, or buffered with high pressure gas and can
work under spin-exchange relaxation free (SERF) regime,
wall collision relaxation and spin-exchange relaxation can
be neglected. Moreover, as we measure the local field
instead of the average field in the vapor cell, gradient
broadening can also be ignored. So the relaxation rate
Rr is mainly decided by the spin destruction
14,
Rr ≈ Rsd = υ¯ασ
sd
α nα + υ¯qσ
sd
q nq + υ¯bσ
sd
b nb (3)
where the first term denotes the collision between alkali
atoms themselves, the second term denotes the quench
2collision and the third term denotes the collision between
alkali atom and buffer gas atom. υ¯, σsd and n are the rel-
ative velocity, collision cross-section of collision pair and
density of atoms, respectively. The subscripts α, q and b
are for alkali atoms, quenching gas atoms and buffer gas
atoms, respectively. The diffusion coefficient depends on
the temperature and the pressure of the gas10,
D = D0
(
P0
P
)(
T
T0
)3/2
(4)
where T0 = 273.15K is the standard temperature,
P0 = 760Torr is the standard pressure and D0 is the
standard diffusion coefficient at T0 and P0. Standard
diffusion coefficients of Cesium atom in He and N2 are
0.39cm2/s15 and 0.087(15)cm2/s16, respectively, which
are used in our choice of D in section III.
III. NUMERICAL SIMULATION AND RESULTS
ANALYSIS
A. Spatial frequency response simulation
In the simulation, Rr = 300s
−1 and D = 0∼1cm2/s are
choosed according to section II with typical parameters in
the atom vapor polarization experiments. And to obtain
the spatial frequency response we set By as a magnetic
field with spatial sinusoidal distribution on z axis and
Bx = Bz = 0. Thus the input magnetic field can be
written as
By(z) = B0 sin(ωz) (5)
where B0 is the magnetic amplitude, ω is the spatial
angular frequency and z is the spatial position along z
axis.
By simulating the model in Eq.(2) with diffusion term,
we can get the temporal and spatial polarization Pˆx(z, td)
. Then the output magnetic field can be calculated by,
Bˆy(z) =
arcsin(−Pˆx(z, td)e
Rrtd)
2piγtd
(6)
pulse pumping magnetometer for different D and ω.
Time delay td = 10µs and relaxation rate Rr = 300s
−1.
According to our simulation, Bˆy(z, td) also follows the
sinusoidal distribution with the same spatial frequency,
i.e., Bˆy(z) ≈ Bˆ0 sin(ωz).We get the corresponding mag-
netic amplitude Bˆ0 of different ω, td and D. With a cer-
tain time delay td the amplitude magnification Bˆ0/B0
decreases when spatial angular frequency ω increases, as
shown in Fig.1. The figure also shows that the cutoff spa-
tial frequency of the system decreases with the increase
of diffusion coefficient.
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FIG. 1. (Color Online) Amplitude response of the short pulse
pumping magnetometer for different D and ω. Time delay
td=10s and relaxation rate Rr = 300s
−1.
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FIG. 2. (Color Online) (a) The spatial frequency response
when td=10s and D = 0.6cm
2/s. (b) The plot of the 2D filter
generated by the fit curve in (a).
B. Reverse approximation of diffusion process
Fig.2(a) is the spatial response when td = 10µs and
D = 0.6cm2/s, which can be fitted well with a Butter-
worth filter 1/
√
1 + (ω/ω0)2n. The phase response of
Butterworth filter is ignored due to the isotropy of dif-
fusion. The corresponding 2D Butterworth filter can be
expressed as
H(u, v) =
1
1 + (D(u, v)/D0)2n
(7)
where D(u, v) is the distance between a point (u, v)
in the frequency domain and the center of the frequency
rectangle, and D0 is the cutoff frequency
17. Fig. 2(b)
illustrates the corresponding 2D spatial filter, which is
expanded from the fitted curve of Fig. 2(a).
As the 2D filter in Fig. 2(b) is generated by the spa-
tial frequency response of Bloch equation simulation, it
approximately represents the diffusion effect. Further-
more, we can restore the original magnetic image with a
reversed 2D filter 1−H(u, v) in Fig. 2(b).
To provide a better view of the restoration effect, we
simulate the atom vapor system in magnetic field of two
close magnetic dipoles, and assume the dipoles is small
3enough to ignore the magnetic field inside the dipoles.
The magnetic field By vaires inversely with the third
power of distance in y − z plane, as show in Fig.3(a)
. The measured magnetic image simulated using Bloch
(a) (b)
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FIG. 3. (Color Online) (a) The original magnetic field of two
dipoles in y−z plane. The distance between the two dipoles is
5mm. (b) The measured magnetic field, where the dipoles can
hardly be distinguished due to diffusion. This image is calcu-
lated using the simulation result of Px and Eq.(6). (c) The
restored magnetic field using reversed 2D filter 1 − H(u, v).
(d) Filtered image from (a), with filter H(u, v) applied. To
provide a better view, all of these images are normalized.
model, i.e. Eq.(2), and 2D filter, i.e. Eq.(7), are dis-
played in Fig. 3(b) and Fig. 3(d), respectively, where the
two dipoles can hardly be distinguished. With a reversed
2D filter 1−H(u, v), we get the restored image from Fig. 4
and the result is shown in Fig. 3(c). In the restored im-
age, the two dipoles can be distinguished again and thus
the spatial resolution is improved. The slightly diffrence
between Fig. 3(a) and Fig. 3(c) may be due to the fit
error in the high frequency part.
IV. CONCLUSION
In summary, the spatial dynamics of polarized atom
vapor is analyzed based on the Bloch equation and short
pulse pumping and probe scheme. The simulated spa-
tial frequency response fits well with a low pass Butter-
worth filter. By passing the magnetic image through the
reversed spatial fitter, we eliminate partially the diffu-
sion effect and increase the spatial resolution of the im-
age. This analysis and restoration method can be used
in spatial magnetometry, such as magnetic gradiometer
and atomic magnetic microscopy.
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